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56.5 Stability Factors . . . . . . . . . . . . . . . . . . . . . 824

56.6 Stability of Time-Dependent Solutions . . . . . . . . . 827

56.7 Sum Up . . . . . . . . . . . . . . . . . . . . . . . . . . 827

57 Adaptive Solvers for IVPs 829

57.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 829

57.2 The cG(1) Method . . . . . . . . . . . . . . . . . . . . 830

57.3 Adaptive Time Step Control for cG(1) . . . . . . . . . 832

57.4 Analysis of cG(1) for a Linear Scalar IVP . . . . . . . 832

57.5 Analysis of cG(1) for a General IVP . . . . . . . . . . 835

57.6 Analysis of Backward Euler for a General IVP . . . . . 836

57.7 Stiff Initial Value Problems . . . . . . . . . . . . . . . 838

57.8 On Explicit Time-Stepping for Stiff Problems . . . . . 840

58 Lorenz and the Essence of Chaos* 847

58.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 847

58.2 The Lorenz System . . . . . . . . . . . . . . . . . . . . 848

58.3 The Accuracy of the Computations . . . . . . . . . . . 850

58.4 Computability of the Lorenz System . . . . . . . . . . 852

58.5 The Lorenz Challenge . . . . . . . . . . . . . . . . . . 854

59 The Solar System* 857

59.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 857

59.2 Newton’s Equation . . . . . . . . . . . . . . . . . . . . 860

59.3 Einstein’s Equation . . . . . . . . . . . . . . . . . . . . 861

59.4 The Solar System as a System of ODEs . . . . . . . . 862

59.5 Predictability and Computability . . . . . . . . . . . . 865

59.6 Adaptive Time-Stepping . . . . . . . . . . . . . . . . . 866

59.7 Limits of Computability and Predictability . . . . . . 867



Contents Volume 3 XXXVII

60 Optimization 869
60.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 869
60.2 Sorting if Ω Is Finite . . . . . . . . . . . . . . . . . . . 870
60.3 What if Ω Is Not Finite? . . . . . . . . . . . . . . . . . 871
60.4 Existence of a Minimum Point . . . . . . . . . . . . . . 872
60.5 The Derivative Is Zero at an Interior Minimum Point . 872
60.6 The Role of the Hessian . . . . . . . . . . . . . . . . . 876
60.7 Minimization Algorithms: Steepest Descent . . . . . . 876
60.8 Existence of a Minimum Value and Point . . . . . . . 877
60.9 Existence of Greatest Lower Bound . . . . . . . . . . . 879
60.10 Constructibility of a Minimum Value and Point . . . . 880
60.11 A Decreasing Bounded Sequence Converges! . . . . . . 880

61 The Divergence, Rotation and Laplacian 883
61.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 883
61.2 The Case of R2 . . . . . . . . . . . . . . . . . . . . . . 884
61.3 The Laplacian in Polar Coordinates . . . . . . . . . . . 885
61.4 Some Basic Examples . . . . . . . . . . . . . . . . . . 886
61.5 The Laplacian Under Rigid Coordinate Transformations 886
61.6 The Case of R3 . . . . . . . . . . . . . . . . . . . . . . 887
61.7 Basic Examples, Again . . . . . . . . . . . . . . . . . . 888
61.8 The Laplacian in Spherical Coordinates . . . . . . . . 889

62 Meteorology and Coriolis Forces* 891
62.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 891
62.2 A Basic Meteorological Model . . . . . . . . . . . . . . 892
62.3 Rotating Coordinate Systems

and Coriolis Acceleration . . . . . . . . . . . . . . . . . 893

63 Curve Integrals 897
63.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 897
63.2 The Length of a Curve in R2 . . . . . . . . . . . . . . 897
63.3 Curve Integral . . . . . . . . . . . . . . . . . . . . . . . 899
63.4 Reparameterization . . . . . . . . . . . . . . . . . . . . 900
63.5 Work and Line Integrals . . . . . . . . . . . . . . . . . 901
63.6 Work and Gradient Fields . . . . . . . . . . . . . . . . 902
63.7 Using the Arclength as a Parameter . . . . . . . . . . 903
63.8 The Curvature of a Plane Curve . . . . . . . . . . . . 904
63.9 Extension to Curves in Rn . . . . . . . . . . . . . . . . 905

64 Double Integrals 909
64.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 909
64.2 Double Integrals over the Unit Square . . . . . . . . . 910
64.3 Double Integrals via One-Dimensional Integration . . . 913
64.4 Generalization to an Arbitrary Rectangle . . . . . . . 916



XXXVIII Contents Volume 3

64.5 Interpreting the Double Integral as a Volume . . . . . 916
64.6 Extension to General Domains . . . . . . . . . . . . . 917
64.7 Iterated Integrals over General Domains . . . . . . . . 919
64.8 The Area of a Two-Dimensional Domain . . . . . . . . 920
64.9 The Integral as the Limit of a General Riemann Sum . 920
64.10 Change of Variables in a Double Integral . . . . . . . . 921

65 Surface Integrals 927
65.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 927
65.2 Surface Area . . . . . . . . . . . . . . . . . . . . . . . 927
65.3 The Surface Area of a the Graph of a Function

of Two Variables . . . . . . . . . . . . . . . . . . . . . 930
65.4 Surfaces of Revolution . . . . . . . . . . . . . . . . . . 930
65.5 Independence of Parameterization . . . . . . . . . . . . 931
65.6 Surface Integrals . . . . . . . . . . . . . . . . . . . . . 932
65.7 Moment of Inertia of a Thin Spherical Shell . . . . . . 933

66 Multiple Integrals 937
66.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 937
66.2 Triple Integrals over the Unit Cube . . . . . . . . . . . 937
66.3 Triple Integrals over General Domains in R3 . . . . . . 938
66.4 The Volume of a Three-Dimensional Domain . . . . . 939
66.5 Triple Integrals as Limits of Riemann Sums . . . . . . 940
66.6 Change of Variables in a Triple Integral . . . . . . . . 941
66.7 Solids of Revolution . . . . . . . . . . . . . . . . . . . 943
66.8 Moment of Inertia of a Ball . . . . . . . . . . . . . . . 944

67 Gauss’ Theorem and Green’s Formula in R2 947
67.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 947
67.2 The Special Case of a Square . . . . . . . . . . . . . . 948
67.3 The General Case . . . . . . . . . . . . . . . . . . . . . 948

68 Gauss’ Theorem and Green’s Formula in R3 957
68.1 George Green (1793–1841) . . . . . . . . . . . . . . . . 960

69 Stokes’ Theorem 963
69.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 963
69.2 The Special Case of a Surface in a Plane . . . . . . . . 965
69.3 Generalization to an Arbitrary Plane Surface . . . . . 966
69.4 Generalization to a Surface Bounded by a Plane Curve 967

70 Potential Fields 971
70.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 971
70.2 An Irrotational Field Is a Potential Field . . . . . . . . 972
70.3 A Counter-Example for a Non-Convex Ω . . . . . . . . 974



Contents Volume 3 XXXIX

71 Center of Mass and Archimedes’ Principle* 975
71.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 975
71.2 Center of Mass . . . . . . . . . . . . . . . . . . . . . . 976
71.3 Archimedes’ Principle . . . . . . . . . . . . . . . . . . 979
71.4 Stability of Floating Bodies . . . . . . . . . . . . . . . 981

72 Newton’s Nightmare* 985

73 Laplacian Models 991
73.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 991
73.2 Heat Conduction . . . . . . . . . . . . . . . . . . . . . 991
73.3 The Heat Equation . . . . . . . . . . . . . . . . . . . . 994
73.4 Stationary Heat Conduction: Poisson’s Equation . . . 995
73.5 Convection-Diffusion-Reaction . . . . . . . . . . . . . . 997
73.6 Elastic Membrane . . . . . . . . . . . . . . . . . . . . . 997
73.7 Solving the Poisson Equation . . . . . . . . . . . . . . 999
73.8 The Wave Equation: Vibrating Elastic Membrane . . . 1001
73.9 Fluid Mechanics . . . . . . . . . . . . . . . . . . . . . . 1001
73.10 Maxwell’s Equations . . . . . . . . . . . . . . . . . . . 1007
73.11 Gravitation . . . . . . . . . . . . . . . . . . . . . . . . 1011
73.12 The Eigenvalue Problem for the Laplacian . . . . . . . 1015
73.13 Quantum Mechanics . . . . . . . . . . . . . . . . . . . 1017

74 Chemical Reactions* 1023
74.1 Constant Temperature . . . . . . . . . . . . . . . . . . 1023
74.2 Variable Temperature . . . . . . . . . . . . . . . . . . 1026
74.3 Space Dependence . . . . . . . . . . . . . . . . . . . . 1026

75 Calculus Tool Bag II 1029
75.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1029
75.2 Lipschitz Continuity . . . . . . . . . . . . . . . . . . . 1029
75.3 Differentiability . . . . . . . . . . . . . . . . . . . . . . 1029
75.4 The Chain Rule . . . . . . . . . . . . . . . . . . . . . . 1030
75.5 Mean Value Theorem for f : Rn → R . . . . . . . . . . 1030
75.6 A Minimum Point Is a Stationary Point . . . . . . . . 1030
75.7 Taylor’s Theorem . . . . . . . . . . . . . . . . . . . . . 1030
75.8 Contraction Mapping Theorem . . . . . . . . . . . . . 1031
75.9 Inverse Function Theorem . . . . . . . . . . . . . . . . 1031
75.10 Implicit Function Theorem . . . . . . . . . . . . . . . . 1031
75.11 Newton’s Method . . . . . . . . . . . . . . . . . . . . . 1031
75.12 Differential Operators . . . . . . . . . . . . . . . . . . 1031
75.13 Curve Integrals . . . . . . . . . . . . . . . . . . . . . . 1032
75.14 Multiple Integrals . . . . . . . . . . . . . . . . . . . . . 1033
75.15 Surface Integrals . . . . . . . . . . . . . . . . . . . . . 1033
75.16 Green’s and Gauss’ Formulas . . . . . . . . . . . . . . 1034
75.17 Stokes’ Theorem . . . . . . . . . . . . . . . . . . . . . 1034



XL Contents Volume 3

76 Piecewise Linear Polynomials in R2 and R3 1035
76.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1035
76.2 Triangulation of a Domain in R2 . . . . . . . . . . . . 1036
76.3 Mesh Generation in R3 . . . . . . . . . . . . . . . . . . 1039
76.4 Piecewise Linear Functions . . . . . . . . . . . . . . . 1040
76.5 Max-Norm Error Estimates . . . . . . . . . . . . . . . 1042
76.6 Sobolev and his Spaces . . . . . . . . . . . . . . . . . . 1045
76.7 Quadrature in R2 . . . . . . . . . . . . . . . . . . . . . 1046

77 FEM for Boundary Value Problems in R2 and R3 1049
77.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1049
77.2 Richard Courant: Inventor of FEM . . . . . . . . . . . 1050
77.3 Variational Formulation . . . . . . . . . . . . . . . . . 1051
77.4 The cG(1) FEM . . . . . . . . . . . . . . . . . . . . . . 1051
77.5 Basic Data Structures . . . . . . . . . . . . . . . . . . 1057
77.6 Solving the Discrete System . . . . . . . . . . . . . . . 1058
77.7 An Equivalent Minimization Problem . . . . . . . . . . 1059
77.8 An Energy Norm a Priori Error Estimate . . . . . . . 1060
77.9 An Energy Norm a Posteriori Error Estimate . . . . . 1061
77.10 Adaptive Error Control . . . . . . . . . . . . . . . . . 1063
77.11 An Example . . . . . . . . . . . . . . . . . . . . . . . . 1065
77.12 Non-Homogeneous Dirichlet Boundary Conditions . . . 1066
77.13 An L-shaped Membrane . . . . . . . . . . . . . . . . . 1066
77.14 Robin and Neumann Boundary Conditions . . . . . . . 1068
77.15 Stationary Convection-Diffusion-Reaction . . . . . . . 1070
77.16 Time-Dependent Convection-Diffusion-Reaction . . . . 1071
77.17 The Wave Equation . . . . . . . . . . . . . . . . . . . 1072
77.18 Examples . . . . . . . . . . . . . . . . . . . . . . . . . 1072

78 Inverse Problems 1077
78.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1077
78.2 An Inverse Problem for One-Dimensional Convection . 1079
78.3 An Inverse Problem for One-Dimensional Diffusion . . 1081
78.4 An Inverse Problem for Poisson’s Equation . . . . . . 1083
78.5 An Inverse Problem for Laplace’s Equation . . . . . . 1086
78.6 The Backward Heat Equation . . . . . . . . . . . . . . 1087

79 Optimal Control 1091
79.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1091
79.2 The Connection Between dJ

dp and ∂L
∂p . . . . . . . . . . 1093

80 Differential Equations Tool Bag 1095
80.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1095
80.2 The Equation u′(x) = λ(x)u(x) . . . . . . . . . . . . . 1096
80.3 The Equation u′(x) = λ(x)u(x) + f(x) . . . . . . . . . 1096



Contents Volume 3 XLI

80.4 The Differential Equation
∑n

k=0 akD
ku(x) = 0 . . . . 1096

80.5 The Damped Linear Oscillator . . . . . . . . . . . . . 1097
80.6 The Matrix Exponential . . . . . . . . . . . . . . . . . 1097
80.7 Fundamental Solutions of the Laplacian . . . . . . . . 1098
80.8 The Wave Equation in 1d . . . . . . . . . . . . . . . . 1098
80.9 Numerical Methods for IVPs . . . . . . . . . . . . . . 1098
80.10 cg(1) for Convection-Diffusion-Reaction . . . . . . . . 1099
80.11 Svensson’s Formula for Laplace’s Equation . . . . . . . 1099
80.12 Optimal Control . . . . . . . . . . . . . . . . . . . . . 1099

81 Applications Tool Bag 1101
81.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . 1101
81.2 Malthus’ Population Model . . . . . . . . . . . . . . . 1101
81.3 The Logistics Equation . . . . . . . . . . . . . . . . . . 1101
81.4 Mass-Spring-Dashpot System . . . . . . . . . . . . . . 1101
81.5 LCR-Circuit . . . . . . . . . . . . . . . . . . . . . . . . 1102
81.6 Laplace’s Equation for Gravitation . . . . . . . . . . . 1102
81.7 The Heat Equation . . . . . . . . . . . . . . . . . . . . 1102
81.8 The Wave Equation . . . . . . . . . . . . . . . . . . . 1102
81.9 Convection-Diffusion-Reaction . . . . . . . . . . . . . . 1102
81.10 Maxwell’s Equations . . . . . . . . . . . . . . . . . . . 1103
81.11 The Incompressible Navier-Stokes Equations . . . . . . 1103
81.12 Schrödinger’s Equation . . . . . . . . . . . . . . . . . . 1103

82 Analytic Functions 1105
82.1 The Definition of an Analytic Function . . . . . . . . . 1105
82.2 The Derivative as a Limit of Difference Quotients . . . 1107
82.3 Linear Functions Are Analytic . . . . . . . . . . . . . . 1107
82.4 The Function f(z) = z2 Is Analytic . . . . . . . . . . . 1107
82.5 The Function f(z) = zn Is Analytic for n = 1, 2, . . . . . 1108
82.6 Rules of Differentiation . . . . . . . . . . . . . . . . . . 1108
82.7 The Function f(z) = z−n . . . . . . . . . . . . . . . . 1108
82.8 The Cauchy-Riemann Equations . . . . . . . . . . . . 1108
82.9 The Cauchy-Riemann Equations and the Derivative . . 1110
82.10 The Cauchy-Riemann Equations in Polar Coordinates 1111
82.11 The Real and Imaginary Parts of an Analytic Function 1111
82.12 Conjugate Harmonic Functions . . . . . . . . . . . . . 1111
82.13 The Derivative of an Analytic Function Is Analytic . . 1112
82.14 Curves in the Complex Plane . . . . . . . . . . . . . . 1112
82.15 Conformal Mappings . . . . . . . . . . . . . . . . . . . 1114
82.16 Translation-rotation-expansion/contraction . . . . . . 1115
82.17 Inversion . . . . . . . . . . . . . . . . . . . . . . . . . . 1115
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